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We revisit the problem of the dynamics of quantum correlations in the exact Tavis–Cummings
model. We show that many of the dynamical features of quantum discord attributed to dissipation
are already present in the exact framework and are due to the well known non-linearities in the
model and to the choice of initial conditions. Through a comprehensive analysis, supported by
explicit analytical calculations, we find that the dynamics of entanglement and quantum discord are
far from being trivial or intuitive. In this context, we find states that are indistinguishable from
the point of view of entanglement and distinguishable from the point of view of quantum discord,
states where the two quantifiers give opposite information and states where they give roughly the
same information about correlations at a certain time. Depending on the initial conditions, this
model exhibits a fascinating range of phenomena that can be used for experimental purposes such
as: Robust states against change of manifold or dissipation, tunable entanglement states and states
with a counterintuitive sudden birth as the number of photons increase. We furthermore propose
an experiment called quantum discord gates where discord is zero or non-zero depending on the
number of photons.
PACS numbers: 03.65.Ta, 03.67.Mn, 42.50.-p
I. INTRODUCTION
The quantum correlations arising from the superpo-
sition principle have been the source of a long-standing
and heated debate since the birth of quantum mechan-
ics [1–3]. Indeed, when Schro¨dinger declared in 1935
that “entanglement is the characteristic trait of quan-
tum mechanics”[4] it was believed that the key quan-
tum correlation was entanglement [5, 6] and many efforts
were devoted to quantify entangled vs separable states
[7]. This main role of entanglement was encouraged by
the Bell theorem [8], its experimental verifications [9–11]
and its use as a main resource in quantum information
[5] and quantum computation [12] tasks. However, en-
tanglement is not the only quantum correlation encoded
in a quantum state and it was found recently, that cer-
tain tasks, e.g. nonlocality without entanglement [13, 14]
and quantum speedup with separable states [15, 16] can
be done without using entanglement as a resource.
From this point of view, it is desirable to investi-
gate other quantifiers of quantum correlations. Re-
cently, Olivier and Zurek introduced the quantum discord
[17, 18] as the difference between two possible quantum
extensions of the classical mutual information. This new
quantity has been broadly studied in the context of quan-
tum information [19–22], quantum cryptography [23] and
quantum metrology [24]. Even though the quantum and
classical information encoded in quantum discord cannot
be directly compared [25], several theoretical efforts have
been made in order to understand how they are contained
in a quantum state [25–27], and it is presently understood
that the quantum discord quantifies in a more subtle way
the quantum correlations in mixed states through the
state disturbance induced by local measurements [28, 29].
The dynamics of quantum entanglement have been ex-
haustively studied [30]. One of the important features of
entanglement is the “entanglement sudden death” (ESD)
phenomenon [31–33]. This process describes the disenta-
glement of a pair of qubits exposed to an environment in a
finite time, and it depends strongly on the initial state of
the system and its interaction with the environment. On
the other hand, the dynamics of quantum discord have
been mainly studied under decoherence and dissipation
scenarios. For a pair of qubits coupled to a Markovian en-
vironment [34–37], the quantum discord was sometimes
seen to have an exponential decay and an asymptotic
vanishing [26, 34, 37]. The effect of non-Markovian en-
vironment has also been studied in [38]. The ensuing
quantum discord was found to vanish only at discrete in-
stants of time. In this context it is relevant to ask up
to which extend these dynamical phenomena are due to
the dissipative dynamics or to the non-linearity contained
in the matter–field dipole–type interaction in the models
considered.
In this paper, we address the dynamics of quantum
discord and entanglement in the Tavis–Cummings exact
Hamiltonian. We show that some of the dynamical fea-
tures observed for quantum discord considering dissipa-
tion are already present in the exact model and do not
need assumption on the coupling or the nature of the
environment. Though a direct comparison in amount of
discord and entanglement in meaningless, because the
measure of discord and entanglement does not coincide,
we make some general remarks on the different correla-
2tions embedded in a quantum state and the implications
on the geometry of Hilbert space following the interpre-
tation of K. Modi et al., [25]. Furthermore we find sur-
prising effects for certain initial conditions such as the
possibility of building quantum discord gates (zero or
non zero discord depending on the number of photons),
robust states against dissipation and states whose entan-
glement counterintuitively augments with the number of
photons, among others.
The paper is organized as follows: we present the exact
model in Sec II followed by the definition and a discus-
sion of the entanglement and quantum discord in Sec. III.
We then present our results for the dynamics of correla-
tions of different initial conditions in Section IV. Finally,
Section V summarizes the results and draws conclusions.
II. TAVIS–CUMMINGS MODEL
We present the model Hamiltonian used to study the
dynamics of entanglement and quantum discord. The
Hamiltonian that describes the interaction between two
non-interacting two–level systems (2-TLS) and a single–
mode cavity field, is the so-called Tavis–Cumings Hamil-
tonian (TC) [39], a generalization of the Jaynes-Cummigs
Hamiltonian (JC) [40, 41]. The JC and TC models of
matter-light interaction are the theoretical cornerstone
in an variety of quantum related areas such as quantum
optics [42, 43], cavity QED (CQED) [44, 45], trapped
ions [46, 47], quantum information and quantum compu-
tation [48–50], circuit QED [51–54], semiconductor quan-
tum optics [55–60] and cavity opto-mechanics [61, 62].
In the dipole and rotating wave approximation, the TC
Hamiltonian can be written as:
H =
ω
2
(σz1 + σ
z
2) + ω0a
†a+ g
2∑
i=1
(
a†σ−i + aσ
†
i
)
, (1)
where the first two terms are the 2-TLS and photon
energies respectively, a (a†) are the creation and anni-
hilation operators of the single-mode cavity field, and
σ†i = |+〉i i〈−| and σ−i = |−〉i i〈+| are the TLS pseudo–
spin flip operators that connect the ground |−〉i an ex-
cited |+〉i states of the i-th TLS with energies −ω/2 and
ω/2 respectively. The interaction Hamitonian describes
the dipole interaction between the 2-TLS and the field,
g is the light-matter coupling constant. We take ~ = 1
and the resonance condition ω − ω0 = 0.
The Tavis–Cummings Hamitonian has a conserved
quantum number, the so-called excitation manifold num-
ber, given by Λ = N + Ne, where N = a
†a is the
number of photons and Ne =
∑2
i=1 σ
†
i σ
−
i is the num-
ber of TLS in the excited state. Using this symme-
try, we can separate the evolution of the total density
operator ρT (t) in disjoint excitation manifolds Λn
.
=
{|++〉n−1 , |+−〉n , |−+〉n , |−−〉n+1} and calculate the
exact solution for total density operator of the system:
ρT (t) = Uˆ(t)ρT (0)Uˆ †(t), (2)
where ρT (t) = ⊕nρT (t)|Λn and Uˆ(t) = ⊕nUˆ(t)|Λn . The
operators ρT (t)|Λn and Uˆ(t)|Λn are the density and the
time evolution operators in manifold Λn respectively.
The latter can be written as [63, 64]:
Uˆ(t)|Λn = e−iωnt ×


1 + nC1(t)2n+1 − i
√
nC2(t)√
2(2n+1)
− i
√
nC2(t)√
2(2n+1)
√
n(n+1)C1(t)
2n+1
− i
√
nC2(t)√
2(2n+1)
1 + C1(t)2
C1(t)
2 − i
√
n+1C2(t)√
2(2n+1)
− i
√
nC2(t)√
2(2n+1)
C1(t)
2 1 +
C1(t)
2 − i
√
n+1C2(t)√
2(2n+1)√
n(n+1)C1(t)
2n+1 − i
√
n+1C2(t)√
2(2n+1)
− i
√
n+1C2(t)√
2(2n+1)
1 + (n+1)C1(t)2n+1


. (3)
where the time dependent functions C1(t) =
cos(2piΩRt) − 1 and C2(t) = sin(2piΩRt) oscillate
with an effective Rabi frequency ΩR = g
√
4n+ 2. The
above expression enables us to calculate the dynamics
for any initial state of the 2-TLS + light system, pure
or mixed. Restricting ourselves to initial conditions
ρT (0) in the excitation manifold Λn, we can write
the total 2-TLS + light density operator in the Λn
manifold. This restriction results in a global phase
in Eq. (3) and the subsequent evolution will not
depend on ω. In this paper we focus on the 2-TLS
which are formally a two-qubit system. Taking the
partial trace on the field states ρ(t) = TrField ρ
T (t)
and using the usual basis for the 2-TLS Hilbert space
H .= {|1〉 = |++〉 , |2〉 = |+−〉 , |3〉 = |−+〉 , |4〉 = |−−〉},
we obtain the reduced two-qubit density matrix:
ρ(t) =


ρ11(t) 0 0 0
0 ρ22(t) ρ23(t) 0
0 ρ32(t) ρ33(t) 0
0 0 0 ρ44(t)

 . (4)
The above matrix has an X structure [65] which will turn
out to be very useful to compute the dynamics of quan-
tum discord.
3III. CLASSICAL AND QUANTUM
CORRELATIONS
A. Entanglement
Entanglement is a measure of the non-separability of
the quantum state of a composite system and it is, in gen-
eral, a difficult quantity to compute [5, 6]. As a resource
in quantum information and computation tasks, the en-
tanglement expresses the maximum number of Bell pairs
that it is possible to obtain from the quantum state to be
used for quantum tasks. From the work of Wootters [66]
in the nineties, it is well known that the entanglement for
a pair of qubits can be quantified in the concurrence, a
function which has a closed simple form for any state of
the TLS given the density matrix ρ that describes them.
For a two-qubit system the concurrence is given by [66]
max {0,Λ(t)}, where Λ(t) = λ1(t)− λ2(t)− λ3(t)− λ4(t)
and λi(t) are the square roots, ordered in decreas-
ing value, of the eigenvalues of the matrix ρ(t)(σ2 ⊗
σ2)ρ
∗(t)(σ2 ⊗ σ2). ρ∗(t) is the complex conjugate of the
two-qubit density matrix ρ(t) and σ2 the second Pauli
matrix. As the reduced two-qubit density matrix we
obtain to evaluate concurrence has an X structure with
ρ14(t) = 0, cf. Eq. (4), the concurrence has a simple ana-
lytic expression C(t) = 2max {0, |ρ23(t)|
√
ρ11(t)ρ44(t)}.
B. Quantum discord
Following Olivier and Zurek [17], we can quantify
the total amount of classical and quantum correlations
present in a bipartite quantum system ρAB by means
of the quantum mutual information, an information-
theoretic measure of the total correlation in a bipartite
quantum state:
I(ρAB) = S(ρA) + S(ρB)− S(ρAB), (5)
where S(ρ) = −Tr(ρ log ρ) is the von-Neumann entropy.
The quantum mutual information may be written as a
sum of classical correlations C(ρAB) and the quantum
discord D(ρAB):
D(ρAB) = I(ρAB)− C(ρAB), (6)
with the former given by [17, 18]:
C(ρAB) = max
{ΠB
k
}
(I(ρAB |ΠBk )) ;
= S(ρA)− min
{ΠB
k
}
(
S(ρAB|{ΠBk })
)
, (7)
where I(ρAB |ΠBk ) is the quantum conditional mutual
information of a measurement, with {ΠBk } a complete
set of projection operators, in the subsystem B, and
ρAB|{ΠBk } = TrB(ΠBk ρABΠBk )/pk is the residual state
of the subsystem A after the measurement with result
k and probability pk = TrAB(Π
B
k ρ
ABΠBk ). Due to the
complex optimization procedure involved in the defini-
tion of classical correlations, the quantum discord is usu-
ally intractable to compute for a general state. However
recently efforts in the two-qubit case has shown that it
is possible to obtain a closed expression for the quantum
discord of a general two-qubit state [67, 68]. For the class
of two-qubit X-states it is possible to obtain an analytical
expression [72–74] for the quantum discord:
D(ρAB) = min
(
DσB
x
(ρAB), DσB
z
(ρAB)
)
, (8)
where DΠB
k
(ρAB) = I(ρAB) − I(ρAB|ΠBk ). Recently,
Chen and Huang [69, 70] introduced a theorem that
states that expression (8) is exact if:
(|ρ23|+ |ρ14|)2 ≤ (ρ11 − ρ22)(ρ44 − ρ33); (9)
or
|√ρ11ρ44 −√ρ22ρ33| ≤ |ρ23|+ |ρ14|, (10)
with ρij = ρij(t), i, j = 1, . . . , 4 defined in Eq. (4). In
the first case the minimum is DσB
z
(ρAB) and in the latter
case the minimum is DσB
x
(ρAB). There exist the possibil-
ity of not satisfying eqs (9) and (10), in this case Huang
[70] bounded the error for the quantum discord to 0.0021.
For most of the initial conditions and range of parame-
ters considered in this paper there are small regions in
time, of order 0.02tR, where the quantum discord is nei-
ther DσB
x
(ρAB) nor DσB
x
(ρAB) but the effect of consid-
ering the other minimum is negligible given the order of
the correlations measured by discord. There are two im-
portant results in our paper that are of the same order
of magnitude of the error, in both cases we specifically
comment on the validity of expression (8) for quantum
discord.
IV. DYNAMICS OF QUANTUM
CORRELATIONS
We now use the definitions presented in the previ-
ous section to calculate the concurrence C(t) and the
quantum discord D(t) in the Tavis–Cummings model cf.
Eq. (1). In order to comprehend the dynamics of quan-
tum correlations we consider various families of pure and
mixed initial conditions. For each of them, we compare
the two quantities and discuss how the results might be
used for quantum computation purposes.
A. Family of Bell states
As a first example we take the partially entangled pure
states:
|ψ±α 〉n = α |+−〉n ±
√
1− α2 |−+〉n , (11)
with 0 ≤ α ≤ 1. For α = 1/√2 these correspond to the
usual Bell States which are maximally entangled. For
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FIG. 1. (color online) Concurrence (bold lines) and quantum
discord (dashed lines) as a function of time for initial condi-
tion |ψ+α 〉1, with α = 0 (black), α = 0.2 (blue) and α = 1/
√
2
(red). The inset shows the dependence of collapse and revival
times ti/tR, i = 1, 2, 3, 4 as a function of α for manifold Λ1.
The shaded areas in the inset correspond to the ESD and the
vertical lines correspond to the values of α considered in the
large figure.
such states quantum discord and any measurement of
entanglement coincide [72].
We first focus on the results for the family of initial
conditions |ψ+α 〉n. For 0 < α < 1 (cf Fig. 1) the concur-
rence C(t) starts at a maximum C(0) given by:
C(0) ≡ g(α) = 2α
√
1− α2. (12)
An entanglement sudden death (ESD) appears at 0 <
t1 < tR/4 and a sudden revival at tR/4 < t2 < tR/2
augmenting to the same value g(α) at t = tR/2. The
collapse (t1 and t3) and revival (t2 and t4) times as a
function of α in the interval [0, tR] are plotted in the
inset of Figure 1. The discord, on the other hand, only
vanishes at discrete times. For 0 < α < 1, it starts at a
maximum:
D(0) =
(
α2 − 1) log2 (1− α2)− α2 log2 (α2) . (13)
As time increases, it vanishes and oscillates to a second
maximum at t = tR/4 symmetrically vanishing again and
oscillating to the maximum at tR/2. Depending on the
number of initial photons and the initial condition the
quantum discord at tR/4 can be larger, equal or smaller
than the quantum discord at tR/2. For example, for the
manifold Λ1, for α ≃ 0.22 and α ≃ 0.97 the discord at
tR/4 is equal to the discord at tR/2 and for α ≃ 0.18
one obtains the maximum quantum discord at tR/4. As
can be seen in Figure 1 the discord has discontinuities
in the derivative before vanishing at t < tR/4 and after
vanishing at t > tR/4. These discontinuities were al-
ready reported by Maziero et al., when they considered
an open system obeying the Tavis–Cummings Hamilto-
nian coupled to non-Markovian baths [36]. In general,
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FIG. 2. (color online) Left panel: S(ρAB|σBz ) (black-
dashed), S(ρAB|σBx ) (black-point dashed), the minimum
min
(
S(ρAB|{σBz , σBx })
)
(black) and quantum discord (red) as
a function of time for initial condition |ψ+
1/
√
2
〉
1
. Right panel:
min
(
S(ρAB|{σBz , σBx })
)
= S(ρAB|σBx ) (brown) and quantum
discord D(t) (black) as a function of time for initial conditions
|ψ+0 〉1 (bold) and |ψ+1 〉1 (dashed). The vertical scale on both
panels is the same.
one can say that they are a common feature in the dy-
namics of quantum discord and are due to the minimiza-
tion of entropies in expression (8) (see left panel in Fig.
2). Furthermore, in the Tavis–Cummings model they are
already present in the exact dynamics.
The dependence of dynamics on the manifold Λn, apart
from the trivial dependency of the Rabi frequency, is only
in the elements ρ11(t) and ρ44(t) of the reduced density
matrix and is of order O(1/n). Both for the concurrence
and the quantum discord this leads to corrections of or-
der O(1/n2) or O(1/n4). In this way, we see that for the
family under consideration the correlations measured by
discord and concurrence are robust when changing the
manifold and survive as n → ∞. It is possible to look
at these results from a interesting and different perspec-
tive. If we consider that the 2-TLS are the central system
and the photons are the environment then, by solving the
exact Hamitonian, we are solving the exact open dynam-
ics of 2-TLS coupled to a bosonic bath. The fact that
the correlations are robust with a change in the manifold
implies that this family of Bell states has an particular
behavior in the presence of dissipation. For the concur-
rence the robustness can be seen explicitly because the
dependence on n is given by:
C(t) = max(0,Ξ(α, t) − f(n)Ω(α, t)), (14)
where Ξ(α, t) and Ω(α, t) are oscillating functions of α
and t and f(n) is:
f(n) =
√
n(n+ 1)
1 + 2n
, (15)
which is a fast growing function that saturates rapidly to
1/2 (f ′(0) =∞ and f ′(∞) = 0).
For α = 0, 1 (|ψ+α 〉n = |+−〉n or |−+〉n), Ξ(α, t) =
sin2 2pit = Ω(α, t)/2. Therefore the concurrence (Eq.
(14)) is a simple periodic function with oscillations of
order O(1/n2). It is important to note that the quantum
discord for the states α = 0, 1 is different. The differ-
ence stems from the classical correlations (cf Eq. (7)),
5specifically from the entropies. One can already see it
in the elements of the reduced density matrix because
ρ22(t) and ρ33(t) are dephased (cf right panel in Fig 2).
Evidently, from the quantum point of view the entangle-
ment is the same because the Hamitonian and the cor-
responding evolution operator are left unchanged when
one permutes the state |+−〉n with |−+〉n. On the other
side, classical correlations suppose a measurement basis
and this election and subsequent minimization induces a
difference between the evolution of the two states. The ef-
fect is small but important because it is showing that the
correlations are not entirely measured by concurrence.
As n increases this effect becomes smaller. Please note
that here the expression for discord (8) is exact because
inequality (10) is satisfied at all times.
For the Bell State of this family |ψ+
1/
√
2
〉
n
=
1√
2
(|+−〉n + |−+〉n) Ξ(α, t) = cos2 2pit/4 and Ω(α, t) =
sin2 2pit/2 so Eq. (14) becomes
C(t) = max(0, cos 4pit) +O (1/n2) . (16)
The collapse and revival times correspond to the solu-
tions of equation tan 2pit = ±1/
√
2f(n) with f(n) given
in Eq. (15). As n → ∞, f(n) → 1/2 so the collapse
and revival times are ti/tR = (2i− 1)/8, i = 1, 2, 3, 4 and
the ESD lasts ∆t = tR/4 which is the largest ESD for
this initial condition. The quantum discord for the Bell
state starts at a maximum D(0) = 1, vanishes at tR/4
and returns to a maximum at tR/2 presenting two slope
discontinuities (cf. Fig. 1).
We can make some general remarks on the correlations
measured by both discord and entanglement in Fig. 1.
Note that the entanglement sudden death (EDS) is ac-
companied by a discrete vanishing of the quantum dis-
cord but every time the quantum discord vanishes the
concurrence vanishes. Furthermore, the discord has os-
cillations with harmonics of the fundamental Rabi fre-
quency. For the Bell state (see red curve in Fig. 1) the
entanglement and discord are in phase and give roughly
the same information at least for where the maximum
of quantum correlations occurs but for the other initial
states they give information about correlations that is
completely opposite at a given time (see blue curve in
Fig. 1). The fact that they give opposite information
will be seen for other initial conditions. Consequently,
if one asks if the quantum state is correlated or not at
tR/4 there is no absolute answer because quantum dis-
cord tells us that this is the maximally correlated state
while concurrence says that this is a state with no corre-
lations. K. Modi et al., [25] proposed a geometrical inter-
pretation of correlations that considers quantum discord
as the distance in Hilbert space between the quantum
state of the system and the nearest classical pure state
and concurrence as the distance to the nearest separable
state. From that perspective one can say that in most of
the states in the family the separable states are close, in
fact, the state is a separable state and at the same time
the classical pure states are far in Hilbert space. Clearly,
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FIG. 3. (color online) Left panel: Concurrence (bold lines)
and Discord (dashed lines) as a function of time for initial
condition |ψ−α 〉1 with α = 0 (black), α = 0.1 (turquoise),
α = 0.3 (blue), α = 0.6 (orange), α = 1/
√
2 (red) and α = 0.9
(green). Right panel: Zoom of oscillations of concurrence
and quantum discord for α = 0.1 (top panels) and α = 0.6
(bottom panels).
the number of states with zero concurrence will give us
an idea of the size of the set of separable states in the
Hilbert space.
The family |ψ−α 〉n has very different dynamics because
in this case the related Bell State |ψ−
1/
√
2
〉
n
= 1√
2
(|+−〉n−
|−+〉n) is an exact eigenstate of the Tavis–Cummings
Hamiltonian. The concurrence is:
C(t) = g(α) + (12 − f(n))(1− g(α))sin2 2pit, (17)
with g(α) and f(n) defined in Eqs. (12) and (15). There-
fore, the correlations measured by concurrence present
oscillations with amplitude (1−g(α))16n2 + O(1/n3) around
g(α). The prefactor of the oscillating term, of order
O(1/n2), is smaller than the constant term g(α), so the
entanglement dynamics will be quasi-stationary with a
time averaged concurrence that can be tuned by the ini-
tial condition (cf. Fig. 3). As n → ∞ the amplitude of
oscillations goes to zero. From the point of view of con-
sidering the photons as a bath for the 2-TLS, the fam-
ily |ψ−α 〉n is also robust against dissipation in the limit
n→∞. For a given manifold Λn as α goes from α = 0 to
α = 1/
√
2 the amplitude of oscillations decreases and the
entanglement increases reaching a maximum of 1. For pa-
rameters between α = 1/
√
2 and α = 1 the amplitude of
oscillations increases until the entanglement is zero and
the oscillations have the largest amplitude.
The dynamics of discord are always given by expres-
sion (8) and are also quasi-stationary oscillations (cf Fig.
3). The time averaged discord for a given value of α
has the same overall behavior of the quantum correla-
tions measured by concurrence and, as expected for Bell
States, both discord and concurrence are equal to one for
α = 1/
√
2. However, the underlying oscillations of both
6measures have different behaviors. In general, the ampli-
tude of oscillations in discord is larger than the amplitude
of oscillations in concurrence and, as for the previous
family, the discord often has oscillations with harmon-
ics of the fundamental Rabi frequency. Furthermore, for
some initial conditions (α = 0.1, top insets in Fig. 3)
both oscillations are in phase but for other (α = 0.6,
bottom insets in Fig. 3) they are in counter phase giving
opposite information about the quantum correlations of
the state at a given time. We also observe that for some
times as concurrence augments discord decreases. The
geometric interpretation of this behavior is that for those
states ρ(t) is no longer a separable state and the distance
to the closest classical state decreases implying that the
classical states are close to the frontier of separable states
in the Hilbert space.
The Bell state associated with this initial condition
|ψ−
1/
√
2
〉
n
belongs to the decoherence free subspace [65].
This means that even when the system is open and dis-
sipation is present the entanglement of this state will
be one. Qi-Liang He et al., [75] have observed that the
discord and entanglement in a similar arrangement but
under dissipation have a quasi-stationary oscillatory be-
havior for some initial conditions related to the family
|ψ−α 〉n, we suspect this is due to the quasi-stationary os-
cillatory exact dynamics reported here. The fact that the
concurrence can be tuned by changing the initial condi-
tion combined with the possible robustness against dissi-
pation makes these states good candidates for quantum
computation purposes.
An initial condition related to the Bell eigenstate
|ψ−
1/
√
2
〉
n
that is often studied is the Werner state
ρW = α |ψ−1/√2〉n n〈ψ
−
1/
√
2
|+ 1− α
4
In, (18)
with In the identity in the manifold Λn. This state,
proposed by Werner in a historically important article
[7], is interesting because for α = 1 it corresponds to the
maximally entangled state, for α = 0 to the maximally
mixed state and for intermediate α to a state that is both
entangled and mixed to some degree. The entanglement
and quantum discord for this state are initially C(0) =
max(0, 3α−12 ) and D(0) =
1
4 ((1 − α) log2(1 − α) + (1 +
3α) log2(1+3α)−2(1+α) log2(1+α)). Interestingly, the
Werner state does not evolve under the Tavis–Cummings
Hamiltonian so we have an example of initial state with
exact stationary dynamics were the value of quantum
correlations can be tuned monotonically from 0 to 1 by
changing α from 0 to 1 in the initial condition.
B. Family of Bell type States
The second type of initial conditions we consider are a
linear combination of the two other states in the mani-
fold:
|φ±α 〉n = α |++〉n−1 ±
√
1− α2 |−−〉n+1 . (19)
For α = 0, 1 these correspond respectively to |−−〉n+1
and |++〉n−1 and counterintuitively, do not have the
same evolution of entanglement. Mathematically this
arises from the well known non-linear character of the
TC model. On one hand, the evolution of entanglement
for the state |++〉n−1 is always zero. On the other hand,
the entanglement of the state |−−〉n+1 starts at a value
C(0) = 0 then augments to a maximum that corresponds
to a slope discontinuity at tR/4 < t¯2 ≤ tR/2 and collapses
at tR/4 < t2 < tR/2. It then revives at t3 = tR−t2 to the
same value it had at t¯2 decreasing to C(tR) = 0 where
it completes a period of evolution. Both the disconti-
nuity times t¯i, i = 1, 2 (t¯1 = 0 for |−−〉n+1) and the
collapse and revival times ti, i = 1, 2, 3, 4 (t1 = t4 = 0 for
|−−〉n+1) are plotted in the right panels of Figure 4. It is
straightforward to see that for the initial state |−−〉n+1,
t¯2 is a solution of:
cos(2pit) = − n
1 + n
, (20)
and t2 is a solution of:
cos(pit) =
√
Π(n), (21)
with Π(n) =
√
n(n+1)(2n+1)2
n+1 − 2n . For the manifold
Λ1 which is the one plotted in Figure 4, t¯2 = 1/3 and
t2 ≃ 0.39.
The discord for the two basis states |−−〉n+1 and|++〉n−1 is also different. In contrast to the previous sec-
tion, the difference does not stem from the classical part
but from the classical and quantum contributions taken
together in expression (6). As can be seen in Figure 4,
the discord for the initial state |++〉n−1 is non-zero. It
oscillates to a maximum near tR/4 and then to zero at
tR/2. This is yet another initial condition where there
are no correlations measured by concurrence and there
are correlations measured by discord. For |−−〉n+1 the
discord starts at D(0) = 0, then augments to a maxi-
mum and eventually decreases to zero at tR/2 presenting
a slope discontinuity before tR/2. The evolution of quan-
tum discord for tR/2 < t < tR is symmetric with respect
to tR/2. The fact that there is a slope discontinuity in
the discord just after the entanglement death and right
before the entanglement revival was already encountered
for the initial condition |ψ+α 〉n in the previous section.
We conjecture this might be an universal feature.
We first consider the family |φ+α 〉n. For 0 < α < 1
there is an initial collapse of the entanglement [0, t1] with
0 ≤ t1 < tR/4, followed by a sudden birth, then followed
by an intermediate collapse [t2, t3] centered at tR/2. The
evolution for times t between tR/2 and tR is symmetric
with respect to tR/2. To our understanding this is the
first time an initial collapse, with the possibility of re-
turning to a full entangled state, is predicted. While the
initial and final collapses, [0, t1] and [t4, tR], depend little
on the excitation manifold, the intermediate [t2, t3] col-
lapse does depend as can be seen in the top right panel
in Figure 4 where we plot the collapse (t2 and t4) and
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FIG. 4. (color online) Left panel: Concurrence (bold lines)
and Discord (dashed lines) as a function of time for initial
condition |φ+α 〉1 with α = 0 (black), α = 0.3 (blue), α =
αB ≃ 0.58 (red), α = 0.9 (green) and α = 1 (brown). Right
top panel: Collapse and revival times ti/tR, i = 1, 2, 3, 4 as
a function of α for Λ1 (bold) and Λ10 (point dashed) Right
bottom panel: Discontinuity times t¯i/tR, i = 1, 2 as a function
of α for Λ1 (bold) and Λ10 (point dashed). The shaded areas
in the inset correspond to the ESD and the vertical lines in
the right panels correspond to αB(1) (bold) and αB(10) (point
dashed).
revival (t1 and t3) times for manifolds Λ1 and Λ10. Note
that, as α approaches one, the intermediate collapse van-
ishes, i.e. t2 = t3. This happens at α1 = 2f(n) and then,
for α > α1, the collapse time t2 → 0 and the birth time
t3 → tR until we recover the entanglement dynamics of
initial condition|++〉n−1. Nothing particular happens to
discord when α = α1. In general, for the family consid-
ered, the discord for 0 < α < 1 starts at D(0) = 0, then
increases presenting a slope discontinuity just before the
sudden birth of entanglement. In the interval [t1, t2] it
has three behaviours as a function of α that can be seen
in Figure 4 and then decreases presenting a slope discon-
tinuity right before the concurrence collapses. For times
tR/2 < t < tR the evolution is symmetric with respect to
tR/2.
The first interval where the concurrence is different
from zero is [t1, t2]. For times near tR/4, intermediate
α have two slope discontinuities in the concurrence at t¯1
and t¯2. The time for which the non analyticities occur
for a given α and a given manifold Λn can be determined
analytically by setting ρ11(t)ρ44(t) = 0 in Eq. (4) and
solving the subsequent equation. It is straightforward
to see that it is the solution of an equation of the form
cos(2pit¯i) = Pi(n, α) with Pi(n, α) a polynomial function
and i = 1, 2. These times are plotted in the right bottom
panel in Figure 4. If P1(n, α) = P2(n, α) the two slope
discontinuities coincide and the entanglement is a smooth
function of time, we note αB the value of α when this
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FIG. 5. (color online) Left panel: Collapse and revival times
ti/tR, i = 1, 2, 3, 4 (black) and discontinuity times t¯i/tR, i =
1, 2 (red) a function of α for Λ1 (bold) and Λ10 (point dashed)
for initial condition |φ−α 〉n. The shaded areas correspond to
ESD. Right panel: Concurrence as a function of time for α =
0.02 for Λ1 (bold) and Λ10 (point dashed)
.
happens:
αB(n) =
√
n
1 + 2n
. (22)
The corresponding initial state, the Bell state |φ+αB 〉n, has
maximum quantum discord and maximum entanglement
at tR/4. This is an example of a maximally correlated
state that depends on the number of initial photons. The
result is interesting because starting with an initial uncor-
related state one is able to reach a maximally correlated
state.
For t¯1 < t < t¯2, there is a positive slope of concurrence
and discord if α < αB and a negative slope if α > αB (cf
Fig. 4). The similarity between the evolution of concur-
rence and discord comes from the whole expression (6)
rather than from the classical or quantum parts. The
height C(tR/4) and the slope C
′(tR/4) of the concur-
rence can be obtained analytically as a function of n and
α. As n→∞, C(tR/4)→ g(α) and C′(tR/4)→ 0. This
result, combined with the control of the initial ESD by
selecting the initial condition α and the control of the in-
termediate ESD by adjusting α and the number of initial
photons in the cavity can be used to control quantum
gates where the concurrence is zero or non-zero in cer-
tain intervals of time that can controlled and the value of
concurrence C(tR/4 + jtR/2), j an integer, depends on
the initial condition.
We now discuss the dynamics of entanglement and
quantum discord for initial condition |φ−α 〉n. There are
two distinct evolutions for this initial condition depend-
ing on the value of α. For 0 < α < αc(n), with
αc(n) =
1
1 + 2n
, (23)
the concurrence has an initial collapse [0, t1] followed by a
sudden birth at t1. In the interval [t1, t2] it reaches a max-
imum that corresponds to a slope discontinuity similar to
the situation encountered previously for initial condition
|−−〉n+1, collapsing again at t2. Also, like in the previous
cases, the evolution is symmetrical with respect to tR/2
for times tR/2 < t < tR. As α increases the birth inter-
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FIG. 6. Example of a quantum discord gate. Quantum dis-
cord as a function of time in units tR(n) for initial condition
|φ−α0〉1 with α0 = α0(1) ≃ 0.82. The arrows indicate the times
at which photons are injected or removed from the cavity.
vals [t1, t2] and [t3, t4] become smaller until reaching αc
where the concurrence is zero at all times as for the initial
state |++〉n−1. See left panel in Figure 5 for the times
at which the revival/collapse and discontinuities occur in
the interval [0, tR] and right panel in Figure 5 for a plot
of the concurrence as a function of time in manifolds Λ1
and Λ10. From the above description it is straightfor-
ward to see that, from the point of view of concurrence,
for |φ−α 〉n there is no related Bell State because there is
no state that is completely entangled. Interestingly, from
the point of view of quantum discord there is no related
Bell State either.
As in previous initial conditions both quantifiers seem
to be uncorrelated because the quantum discord does
not change dramatically at αc and concurrence does not
change at all at α0 (see next paragraph). For small values
of α in the initial condition the quantum discord starts at
D(0) then augments to a maximum decreasing to zero at
tR/2 presenting a slope discontinuity just before the ESD
similar to initial condition |φ+α 〉n and for larger values of
α it starts at zero, augments to a maximum near tR/4
and decreases to zero without the slope discontinuity. As
α increases the quantum discord is smoother function in
time and the maximums start occurring at exactly tR/4.
A very surprising feature in this family of initial con-
ditions is that, for each manifold Λn, there is a value of
α, α0(n), for which the quantum correlations measured
by quantum discord are zero for all times. The value of
α for which this happens can be determined by setting
the classical correlations equal to the quantum correla-
tions in expression (6) and numerically solving the sub-
sequent transcendental equation. For Λ1, α0 ∼ 0.82 and
for n = ∞, α0 = 1/
√
2 . We propose to use this result,
combined with the fact that the state after one complete
period of evolution is the same, for quantum computation
purposes in an experiment that we call “Quantum discord
gates”, schematized in Figure 6. Note that, for this ex-
periment, of the same order of magnitude of the bounded
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FIG. 7. (color online) Concurrence (bold lines) and Discord
(dashed lines) as a function of time for initial condition ρA
with α = 0.3 (blue), α = 0.6 (orange) and α = 1 (red) for
manifolds Λ1 and Λ10. The thicker lines for correspond to
Λ10. The inset shows the dependence of collapse and revival
times ti/tR i = 1, 2, 3, 4 as a function of α for Λ1 (bold) and
Λ10 (point dashed). Here αA(1) ≃ 0.38 and αA(10) ≃ 0.09.
The shaded area corresponds to the ESD and the vertical lines
correspond to the values of α considered in the big figure.
error for discord[70], expression (8) is exact because in-
equality (9) holds at all times for 1/
√
2 < α < 0.82.
Imagine one starts an experiment with n photons in the
cavity and at exactly α0(n). Then, for the first complete
period of evolution [0, tR] one has zero quantum discord.
Eventually, at t = tR, one injects m photons. Clearly,
since α0(n +m) 6= α0(n) the discord will be non-zero in
the interval [tR, 2tR]. Evidently, this process can be re-
peated at any multiple of tR and, this way, by injecting
or extracting photons at certain times one has zero or
non-zero discord. From what was just explained, this ex-
periment uses discord to count the photons in the cavity
and this is an important result of our work. Returning
to the interpretations of the photons as the environment
for the 2-TLS and comparing initial conditions |φ−α0 〉n
and |φ−α0 〉m, then another conclusion from our work is
that initial correlations with the environment have great
impact on dynamics of quantum discord. In fact, the
reduced 2-TLS density matrix of such initial conditions
are indistinguisable but they evolve to completely differ-
ent discord because one evolves to finite discord while the
other initially equivalent condition evolves to an uncor-
related state.
C. Ali states
A mixed initial condition related to |ψ±α 〉n and |φ±α 〉n
that is similar to one studied by Ali et al., [72] is:
ρA = α |ψ+1/√2〉n n〈ψ
+
1/
√
2
|+ (1− α) |++〉n−1 n−1〈++|.
(24)
9For this family of initial conditions there are two distinct
behaviors of entanglement determined by:
αA(n) =
[
1 +
1 + 2n
4f(n)
]−1
. (25)
If αA < α ≤ 1 the entanglement dynamics resemble
the evolution of the maximally entangled state |ψ+
1/
√
2
〉
n
where concurrence starts at a maximum g(α) (cf Eq.
(12)), then an ESD occurs at 0 < t1 < tR/4 and a
sudden revival at tR/4 < t2 < tR/2 augmenting to the
same value g(α) at tR/2. In general, the collapse and
revival times satisfy t1(n) <∼ t1(n+ 1), t2(n) > t2(n+1),
t3(n) < t3(n+1) and t4(n) >∼ t4(n+1) (cf inset of Fig. 7),
and as α→ 1 they are not sensible to the change of man-
ifold. On the other hand, if 0 ≤ α < αA the evolution
is different from all the previous evolutions because for a
given α, the dependence of entanglement on the number
of photons in the cavity is counterintuitive. To illustrate
this point, lets examine the concurrence at tR/2. It is
straightforward to see that:
C(tR/2) = max
[
0, α− 4(α− 1) f(n)
1 + 2n
]
. (26)
The dependence on n in the above expression implies
that as one augments the number of photons in the cav-
ity there is a sudden birth of concurrence at tR/2. From
the point of view of considering the photons as the envi-
ronment for the 2-TLS this result is interesting because
increasing the number of photons, i.e. attaining the pho-
ton bath limit, results in a more entangled state at certain
times. In Figure 7 we plot the concurrence for α = 0.3 for
Λ1 and Λ10 (blue curves) to observe the sudden birth at
tR/2 when there are more photons and the concurrence
for α = 0.6 for Λ1 and Λ10 (orange curves) to observe
how the entanglement at tR/2 increases as the excitation
manifold increases. The counterintuitive dependence on
the number of photons can be used to count photons.
To clarify this point lets compare the entanglement evo-
lution for different initial conditions (different α) for n
and n + 1 photons in the cavity. If 0 ≤ α < αA(n + 1)
then there is no birth at tR/2 regardless of the number of
photons. If αA(n+1) < α < αA(n) there is birth if there
are n+1 photons but there is no birth if there are n pho-
tons (this is shown in Figure 7 but with a difference of 9
photons). Finally, if α > αA(n) then the entanglement
at tR/2 for n+ 1 photons is larger than for n photons.
For a given number of photons the quantum discord for
this initial condition has different evolutions. For α = 0
it was already described (cf black curve in Fig. 4). For
small α it has the shape of a garland with discontinuities
at the maximums and smooth minimums as can be seen
in the blue curve in Figure 7. As α increases there is a
maximum that appears at tR/2 and at the same time the
minimums near tR/4 and 3tR/4 go to zero (see orange
curve in Fig. 7). Finally as α → 1 the maximum at
tR/2 is the same as the initial discord and we obtain
the known result for Bell where the discontinuities in the
0 5 10 15 20
n
0.26
0.28
0.3
0.32
α
pl
at
ea
u
0 0.5 1
t/tR
0.2
0.25
0.3
0.35
D
(t)
0.5 1
t/tR
0.5 1
t/tR
FIG. 8. Top panels: Discord as a function of time for
αplateau(n) for Λ1 (left), Λ2 (middle) and Λ20 (right). Bottom
panel: αplateau(n) as a function of n.
discord occur just after the entanglement sudden death
and right before the entanglement sudden birth. An new
unreported result for the quantum discord is that there
is a value of α for each value of n which there is a plateau
near tR/4 and near 3tR/4 (cf Fig. 8). For one photon
in the cavity, αplateau(1) =
1
4 , and for infinite photons
αplateau(∞) = 13 . The discord D(αplateau) is αplateau
and the width of the plateau decreases as n increases. In
Fig. 8 we plot αplateau as a function of n and the discord
for the excitation manifolds Λ1, Λ2 and Λ20.
As a final remark for this initial condition, we note that
for some initial conditions α and number of photons n the
information of the correlations given by concurrence and
quantum discord is completely opposite. We have both
the situation where entanglement is zero and discord is
maximum and also the situation where one augments as
the other decreases.
V. DISCUSSION
In this paper we have studied the dynamics of entangle-
ment and quantum discord in the exact Tavis–Cummings
Hamitonian. We concluded that some of the dynamical
features of discord attributed to the Markovian or non-
Markovian nature of the environment in the open system
scheme are already contained in the non linear exact dy-
namics of the TC model and in the choice of initial con-
ditions. In particular, we showed that the discontinuities
Maziero et al., [36] observed in discord were a direct con-
sequence of the minimization of the entropies. We fur-
thermore demonstrated that the stationary asymptotic
dynamics reported by Qi-Liang et al., [75] are related to
the choice of initial conditions. This simple model reveals
that the assumption of an environment is not essential.
Regarding the entanglement, measured by the concur-
rence, we exhaustively studied its dynamics, in particu-
lar the well known EDS phenomena. In this context, we
described the death and revival times as a function of
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all the the meaningful parameters in the model. These
predictions on discord and entanglement will give new in-
sights on the current debate on quantum correlations and
the true influence of dissipation and non markovianity on
their dynamics. One question still unanswered is what is
the real role of dissipation and markovian character of
the bath.
The model reveals that the dynamics of correlations
depend crucially on the 2-TLS + field initial conditions
and are, by no means, trivial. We show that there ex-
ist initial conditions where both measures give oppo-
site information: on one hand quantum discord suggests
that it is a maximally correlated state and on the other
hand concurrence suggest that it is an uncorrelated state.
There are also states where both measures are in phase
and give roughly the same information for correlations.
Interestingly, we find that there are states that are indis-
tinguishable from the point of view of entanglement but
distinguishable from the point of view of quantum discord
because classical correlations suppose a measurement ba-
sis and this election and subsequent minimization induces
a difference between the evolution of the two states. Fi-
nally, critical behaviours for both quantifiers usually oc-
cur in disjoint regions of the parameters space allowing
the possibility of building devices where one can control
one or the other independently. According to the Modi
et al., [25] interpretation of quantum correlations, the re-
sults just mentioned have implications for the geometry
of Hilbert space, for example for the size of the separable
states. We leave these as directions for future work.
The theoretical findings are of direct practical rele-
vance. Our results predict i) Robust maximally entan-
gled states with entanglement that is almost independent
on the manifold ii) States whose entanglement and quan-
tum discord can be tuned from zero to one by varying a
parameter in the initial condition iii) States that have the
possibility of returning to a fully entangled state after an
initial ESD where we can control the entanglement by
setting the number of initial photons and the parameter
in the initial condition iv) States that counterintuitively
have an entanglement birth as one augments the excita-
tion number. We have furthermore proposed an exper-
iment called Quantum discord gates where by injecting
or extracting photons at certain times the quantum state
has zero or non-zero discord. This makes use of a surpris-
ing result where we find that for some initial conditions
the quantum discord is exactly zero. Given the marginal
character of states with zero discord this result is not
only completely counterintuitive but is also useful as a
way to count photons present in a cavity.
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